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The effect  of Coulomb interact ion on the shift  of energy  levels  of the components  of a i r  p l a s m a  
is e s t ima ted .  Fo r  i l lus t ra t ing the p rocedure  of computat ion,  the shift  of the energy  levels  of 
hydrogen a re  computed.  A s imple  method of computat ion of the shif t  of energy  levels  is given, 
which of fe rs  the poss ib i l i ty  of cutting the compute r  t ime by a fac tor  of 10-30. The dependence 
of the shift  of the ground level  of a toms of hydrogen,  argon,  ni t rogen,  and oxygen on Debye 
radius  D is obtained for  20 <-D <-- 2000 atomic units .  

1. Coulomb interact ion resu l t s  in a shift  of the levels  and a t rans i t ion of the upper  t e r m s  into a con-  
tinuous s p e c t r u m .  The shif t  of the ground s tate ,  which leads to a change of the ionization ene rgy  of the 
a toms,  plays an espec ia l ly  impor tan t  ro l e .  

A change of the ionization ene rgy  affects  f i r s t  of all  the shif t  of the ionization equi l ibr ium,  i .e. ,  the 
change of state of the p l a sma ,  which in turn affects  all  the other  c h a r a c t e r i s t i c s  of the p la sma .  F u r t h e r -  
more ,  a change of the energy  of the e lec t ronic  levels  can affect  the the rmophys ica l  p rope r t i e s  of the p l a s m a  
also d i rec t ly  and not only through the effect  on the composi t ion.  Thus a shif t  of the levels  of e lec t ron  ex-  
ci tat ion in a toms and cutoff of the upper  t e r m s  lead to a shift  of the threshold  f requencies  of photoioniza-  
tion in the absorpt ion coeff icient .  

The computat ion of the ene rgy  shift  of the ground state  of an atom sur rounded by charged  par t i c les  
can be done in two ways:  f i r s t ,  consider ing the many-body p rob lem and,second,  consider ing an isolated 
par t i c le  located in an ex te rna l  effective field produced by the total  e f fec t  of all  the charged  pa r t i c l e s .  The 
f i r s t  approach involves cons iderable  ma themat i ca l  difficulties and is not suitable for  p rac t i ca l  computa -  
t ions.  The reduction of the many-body p rob lem to the descr ip t ion of the motion of a single par t ic le  in a 
ce r ta in  field produced by other  pa r t i c l e s  p e r m i t s  cons iderable  s impl i f icat ion of the ma themat i ca l  tool.  In 
view of this ,  the s ing le : f requency  approximat ion,  based on the introduction of the effect ive resu l t an t  field, 
was chosen for the computat ions of the level  shifts of a toms .  

2. For  the de terminat ion  of the eigenvalues of the ene rgy  of the a tom,  the SchrSdinger  equation with 
the potential  ene rgy  depending on the p a r a m e t e r s  of the ambient  p l a s m a  is solved.  

For  hydrogen and s ing le -e lec t ron  ions such computat ions have been done in [1-3] for  Debye radi i  
D - 25 (here and below all the quantit ies are  e x p r e s s e d  in atomic sy s t em of units);  separa te  points for  
la rge  D are  given in [3]. These  resu l t s  a re  unsuitable for  computat ions ,  s ince Debye radi i  a re  much 
l a r g e r  in the ranges  of t e m p e r a t u r e  and p r e s s u r e  var ia t ions  that  are  of p rac t i ca l  in te res t .  For  example ,  
for hydrogen p l a s m a  at a t e m p e r a t u r e  of 10,000-50,000~ and p r e s s u r e  f rom 10 to 100 arm, the Debye r ad i -  
us l ies in the range 25 to 600. 

In [4], the SchrSdinger  equation for  hydrogen with sc reened  Coulomb potential  is solved using the p e r -  
turbation theory .  It is noted that  the computat ions a re  only for the upper  s ta tes  and are  valid for  suff ic ient-  
ly la rge  Debye rad i i .  For  mul t ie lee t ron  a toms two works  are  known. In [5] the computat ion of the ene rgy  
level  shifts  of mul t ie lec t ron  a toms with the use of the d iag ram method is d iscussed;  numer ica l  caleulat ions 
are not given.  In [6] a computat ion of the energy  level  shifts  of iron for  T h o m a s - F e r m i  potential  is given 
for Debye radi i  D ~ 50. 

Novosib i rsk .  Trans la ted  f rom Zhurnal  Prikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 1, pp. 35- 
39, J a n u a r y - F e b r u a r y ,  1973. Original ar t ic le  submit ted Apri l  24, 1972. 

�9 1975PlenumPublishing Corporation, 227 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission of  the publisher. A copy o f  this article is available from the publisher for $15.00. 

28 



3. In v iew of the  l a c k  of d a t a  on the sh i f t  of the g round  l e v e l  of h y d r o g e n  fo r  the r a n g e  of v a r i a t i o n s  
of Debye  r a d i u s  that  a r e  of p r a c t i c a l  i n t e r e s t ,  and  a l so  fo r  the d e v e l o p m e n t  of the p r o c e d u r e  of n u m e r i c a l  
c a l c u l a t i o n  tha t  cou ld  be a p p l i e d  to m u l t i e l e c t r o n  a t o m s  in fu tu re ,  the sh i f t  of the g round  l e v e l  of h y d r o g e n  
was  c o m p u t e d  fo r  Debye  r a d i i  f r o m  20 to 2000. 

The h y d r o g e n  a t o m  is  c o n s i d e r e d  in the f o r m  of the s t a t i o n a r y  e l e c t r o n - p r o t o n  s y s t e m  l o c a t e d  in the 
e x t e r n a l  D e b y e - H t i c k e l  f i e l d .  F o r  the d e t e r m i n a t i o n  of the e i g e n v a l u e s  of the e n e r g y  of the a t o m s ,  the  
Schr iSdinger  equa t ion  wi th  the po t en t i a l  e n e r g y  in the  f o r m  of s c r e e n e d  c o u l o m b  p o t e n t i a l  is  s o l v e d .  The 
S c h r S d i n g e r  equa t ion  for  the r a d i a l  c o m p o n e n t  P( r )  of the wave  funct ion of the h y d r o g e n  a t o m  has  the f o r m  
[7} 

d2p / ( /+1)  
r2 P - -  2 [u(r) - -  e] P = 0 

(U (r) = -- r-1 exp (-- r/D)) . 

(3.1) 

The p r o b l e m  r e d u c e s  to the d e t e r m i n a t i o n  of the v a l u e s  of a n fo r  which  the so lu t i on  of Eq .  (3.1) 
s a t i s f i e s  the cond i t i ons  

p (0) = 0, P ( r ) - + O  for  r - + o o  

; p2 (r) dr  = t . 
0 

E s t i m a t e s  show tha t  the s e c o n d  b o u n d a r y  cond i t ion  P(r )  ~ 0 for  r ~ ~ can  be r e p l a c e d  by P( r )  = 0, 
w h e r e  R = 10 f o r  the g r o u n d  s t a t e  of h y d r o g e n .  

S ince  in the c o m p u t a t i o n  of  the g r o u n d  s t a t e  the m a x i m u m  va lue  of r is  t aken  equa l  to 10, which  is  a p -  
p r e c i a b l y  s m a l l e r  than  D in the i n v e s t i g a t e d  r a n g e ,  we can  w r i t e  

U(r) = - -  1 

wi th  su f f i c i en t  d e g r e e  of a c c u r a c y .  

Subs t i t u t i ng  (3 2)  into (3.1) we obta in  

t 1 -F (3.2) r D 

d"-P* l(l  + t )  p ,  2[  l 1 ] 
dr~ ,.3 - -  7 + -ff  - -  ~* p* = 0 (3.3) 

w h e r e  P* i s  the wave  funct ion  of the h y d r o g e n  a tom in s c r e e n e d  D e b y e - - H t i c k e l  f i e l d .  It is  obvious  tha t  the 
wave  funct ion r e m a i n s  p r a c t i c a l l y  c o n s t a n t  fo r  the c h o s e n  r a n g e  of Debye  r a d i u s ,  s i nce  in the r e g i o n  w h e r e  
the wave  funct ion is  s t i l l  a p p r e c i a b l e ,  the change  of the  e l e c t r i c  f i e ld  i n t e n s i t y  a s  a r e s u l t  of Debye  s c r e e n -  
ing is  v e r y  s m a l l .  Th is  is  e v i d e n t  f r o m  F i g .  1, in which the de pe nde nc e  of the r a d i a l  wave  funct ion of s t a t e  
is  of  h y d r o g e n  a tom and of the r a t i o  E * / E  0 (where  E * i s  the f i e ld  i n t e n s i t y  tak ing  into  c o n s i d e r a t i o n  the 
s c r e e n i n g  for  D = 20 and E 0 is  the i n t e n s i t y  of  the  f i e ld  of an i s o l a t e d  atom) on the d i s t a n c e  f r o m  the c e n t e r  
of the a tom r is  g iven .  L e t  us c o n s i d e r  E q .  (3.3) and the S c h r 6 d i n g e r  equa t ion  fo r  an i s o l a t e d  h y d r o g e n  a tom 

(3.4) 

U n d e r  the a s s u m p t i o n  tha t  the wave  func t ions  P* and 1 ) a r e  equa l ,  E q s .  (3.3) and (3.4) wi l l  be e q u i v -  
a l en t  u n d e r  the cond i t ion  of d i s p l a c e m e n t  of the e i g e n v a l u e s  of the e n e r g y  by l / D ,  i . e . ,  

Ae~ = i / D (3.5) 

In o r d e r  to c h e c k  the a s s u m p t i o n s  m a d e  above ,  we c o m p u t e d  the d e p e n d e n c e  A t  = f (D)  fo r  the s t a t e  
l s  of the h y d r o g e n  a t o m .  E q u a t i o n  (3.1) wi th  the  b o u n d a r y  cond i t i ons  was  s o l v e d  by  the n u m e r i c a l  me thod  
of N u m e r o v  [8, 9]. 

I t  was  found tha t  fo r  a v a r i a t i o n  of Debye  r a d i u s  f r o m  20 to 2000 the r a d i a l  p a r t  of the wave  funct ion 
P ( r )  a t  the po in t  r = 0 2 3 5  c h a n g e s  only  by 0.001~c and at  the po in t  r = 1.284 by 0.1%. The de pe nde nce  (3.5) 
:holds wi th  an a c c u r a c y  of =~ 1% fo r  20 <- D <- 2000. T h e r e f o r e ,  i t  can  be hoped  tha t  the c o m p u t a t i o n  of A a 
for  the g r o u n d  s t a t e  of c o m p l e x  a t o m s  wi l l  ge t  c o n s i d e r a b l y  s i m p l i f i e d  if one s t a r t s  f r o m  the condi t ion  of 
c o n s t a n c y  of the wave  func t ion .  The quan t i ty  A t  ~s fo r  the h y d r o g e n  a tom was  c a l c u l a t e d  by  the s i m p l i f i e d  
me thod :  s u c c e s s i v e  change  of a was  m a d e  so  tha t  the wave funct ion of the a tom in the p l a s m a  c o i n c i d e d  
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with the wave  funct ion of the i so la ted  a tom in the r ange  0 <- r -< r * ,  w h e r e  
r*  was  chosen  equal  to 0.5.  The dependence  A a l s  = f (D)  was  obta ined  as a 
r e s u l t .  In the en t i r e  r ange  of v a r i a t i o n  of D the va lue s  of A e ,  c o m p u t e d  by  
the me thod  of V. B.  N u m e r o v ,  co inc ided  with the r e s u l t s  of the s imp l i f i ed  
me thod  up to four  s ign i f i can t  f i g u r e s .  The c o m p u t e r  t ime  was  r educed  a p -  
p r o x i m a t e l y  by one o r d e r  of magni tude .  

4. The e n e r g y  sh i f t s  of the g round  s t a t e s  of n i t rogen ,  oxygen,  and 
a rgon  (main c o m p o n e n t s  of air)  we re  a l so  c o m p u t e d  fo r  the v a r i a t i o n  of 
Debye  r ad ius  f r o m  20 to 2000.  

Mul t i e l ec t ron  a toms  w e r e  c o n s i d e r e d  in the s i n g l e - e l e c t r o n  a p p r o x i m a -  
t ion by the me thod  of s e l f - c o n s i s t e n t  f ie ld with H a r t r e e - F o c k  exchange  [10]. 
The i n t e r a c t i o n  of the a tom with the amb ien t  p l a s m a  was  c o n s i d e r e d  in 
D e b y e -  Hiickel  a p p r o x i m a t i o n .  

The  i n t e r a c t i o n  of an e l e c t r o n  with the nuc leus  and all  the r e m a i n i n g  
e l e c t r o n s  was  t aken  into c o n s i d e r a t i o n  in the d e r i v a t i o n  of the equa t ions  fo r  
the r ad ia l  c o m p o n e n t s  of s i n g l e - e l e c t r o n  wave  funct ions  of the a t o m .  The 
i n t e r ac t i on  of the e l e c t r o n s  among  t h e m s e l v e s  r e d u c e s  to the i n t e r ac t i on  of 
s p h e r i c a l l y  s y m m e t r i c  space  c h a r g e s  which  m a y  be r e d u c e d  to the i n t e r a c -  
t ion of an e l e c t r o n  with a c e r t a i n  e f fec t ive  point  c h a r g e  Ze(r) .  Hence  the 
po ten t i a l  e n e r g y  of the e l e c t r o n  is the e n e r g y  of i n t e r a c t i o n  of the e l e c t r o n  
with a c e r t a i n  point  c h a r g e ,  which is  d e t e r m i n e d  in the fol lowing way:  

z (r) = N - -  z~ (r) �9 (4~ 

It  is  obvious  tha t  with the i n c r e a s e  of r the c h a r g e  Z e ( r ) a p p r o a c h e s  N - 1. In 
the D e b y e - H { l c k e l  a p p r o x i m a t i o n  the po ten t i a l  e n e r g y  of the e l e c t r o n  in the 
f ie ld  of the nuc leus ,  all  o the r  e l e c t r o n s ,  and the a m b i e n t  p l a s m a  has  the f o r m  

N 

The s y s t e m  of equa t ions  fo r  the r a d i a l  c o m p o n e n t s  of  s i n g l e - e l e c t r o n  
wave  function [10] with (4.2) t aken  into c o n s i d e r a t i o n  can  be wr i t t en  in the 
f o r m  

d~ 2 y (n l ,  r ) expC_:_~)_2e~ , ,~ ,  , ( l + i )  
dr'~ -}- -7- r~ 

( ' ) '  - -  P (nl, r) = X (nl, r) e x p  - -  -b -  -l- 2 ~ ,  s,u,,~,,P (n'l, r) (4.3) 

whe re  the funct ions  Y(n l ,  r) and X(n l ,  r) a r e  d e t e r m i n e d  fo r  each  spec i f i c  e l e c t r o n  con f igu ra t ion .  

Thus ,  fo r  the t e r m  4S of n i t rogen  a tom (e lec t ron  conf igura t ion  ls22s~2p 3) the s y s t e m  of equa t ions  
(4.3) has  the f o r m  

{ --~-r~ ~- [2N --  2Yo (Is, is, r) --  4Yo (2~ , 2s, r) - -  6Yo (2p, 2p, r)] X 

X r -1 exp( - -  r/D) - -  2sl,} P (is, r) = - - [ 2 P  (2~, r) Yo (is, 2s, r) + P (2p, r) Y1 (is, 2p, r)] r -1 oxp C-  r i D ) ,  

{ ~  -~ [2N -- 2Yo (2s,.2~, r} -- 4Y o (is, Is, r} -- 6Yo (2p, 2p, r)] X 

X r -i exp (-- riD) - -  2s~,} P (2s, r) = -- [2P (Is, r) Yo (2~, Is, r) + P (2]), r) YI (2s, 2p, r)] r -I exp (-- r /D) ,  

d "~ 2 
dr2 r ~- [2N --  4Yo (is, is, r) - -  4Y0 (2~, 2r r) - -  4Y0 (2p, 2p, r) -b 

-~ 0.8Y~ (2p, 2p, r)] r -1 exp (--  r/D) --  2e~v t P (2p, r) = 

= - -  ~/, [Y1 (is, 2p, r) P (is, r) -~ Y~ (2~, 2p, r) P (2~, r)l r -1 exp ( - - r iD)  , (4.4) 

whe re  fo r  n i t rogen  N = 7 

Y h- (nl, nl, r) = r i U ~ (r , s) P (nl, s) P (n' t', s) ds 
o 
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Ir~/s ~+~ for r ~ s  
U~(r,s)=[s~/r~+j for r ~ s  

For  the nitrogen atom the energy shifts of the t e rm aS were computed by a numerica l  solution of s y s -  
tern (4.4) by the method of Numerov [9] on an M-220 computer  for three values of Debye radius D = 90, 200, 
and 2000. The wave functions from [11] were taken as the initial values.  

The computation by the simplified method (see Sec. 3) gave values of A~ which coincided with the r e -  
sults obtained from the exact solution of the complete sys tem of equations (4.4) within 0.5~. 

The shift of the ground level for oxygen and argon was computed only by the simplified method. 

It was established that the dependence of the shift of the ground level on Debye radius is well approxi-  
mated by the express ion 

Ae = z/D (4.5) 

where z = 2.88 for nitrogen, z = 3.03 for oxygen, and z = 3.64 for argon. 

The results of the computations of the energy level shifts depending on D are shown in Fig. 2 for 20 -< 

D -< 2000. 

5. It is seen from these computations that the shift of the ionization equilibrium due to long-range 

Coulomb interactions are determined not only by the electron concentration and the gas temperature but 

also by the type of gas. With the increase of the charge of the nucleus of the atom the effect of Coulomb 
interaction on the ionization potential increases. 

Experimental results for the displacement of the threshold of photoionization from 4s levels of argon 
atoms are given in [12]. A direct comparison of the results of the present work with the results of the ex- 

periment is difficult. But it must be noted that the results of the experiment are higher than the computa- 
tion by Ecker-Weizel, which is true also for the computations given above. 

In conclusion, the author thanks V. G. Sevast'yanenko for guidance, advice, and comments, and N. M. 
Kuznetsov for valuable discussions. 
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